In this paper, we study the uniqueness of differential polynomials of meromorphic functions sharing one value, and obtain some results, which improve and generalize the related results due to Fang, Zhang-Lin, and BhoosnurmathDyavanal, etc.
Introduction
In this paper, the term "meromorphic" will always mean meromorphic in the complex plane C. Let f and g be two nonconstant meromorphic functions, and let a be a complex number. We say that f and g share a CM ( counting multiplicity) when f − a and g − a have the same zeros with the same multiplicity.
It is assumed that the reader is familiar with the standard notations of value distribution theory that can be found, for instance, in [3, 7, 9] . We use I to denote any set of positive real numbers of infinite linear measure and use E to denote any set of positive real numbers of finite linear measure, not necessary the same at each occurrence. We denote by S(r, f ) any function satisfying
S(r, f ) = o(T (r, f )) as r → ∞, r ∈ E.
In addition, we shall also use the following notations. Let k be a positive integer. We denote by N (k (r,
counting function for zeros of f −a with multiplicities at most k, and byN k) (r, 1 f −a ) the corresponding one for which multiplicity is not counted. Set
Clearly, N k (r, 1 f −a ) can be viewed as the counting function corresponding to the zeros of f − a where a n-fold zero is counted min {n, k} times. Let Θ(a, f ) = 1 − lim sup
In 2002, Fang [2] obtained the following unicity theorem for differential polynomials of entire functions.
Theorem A. Let f (z) and g(z) be two nonconstant entire functions, and let n, k be two positive integers with
Recently, Zhang and Lin [10] proved the following result, which generalizes and improves the above theorem. 
Remark 1. Theorem A is a special case of Theorem B. Indeed, let m = 1, and suppose that f (z) ≡ g(z) and
, then g is constant by Picard's theorem (for details, see [10] ).
In this paper, we extend Theorem A and B to meromorphic functions. For the case m > k, we prove the following result.
Theorem 1. Let n, m, k be three positive integers, and f (z) and g(z) be two nonconstant meromorphic functions such that
For the case m ≤ k, we have 
If m ≤ k and n > 3k + m + 8, and
then the conclusion of Theorem 1 holds.
If f and g have same poles ( not necessary with the same multiplicity), we prove that the above theorems still hold without the condition about the deficiency of f or g, as follows. 
(k) share 1 CM, and let n, k be two positive integers with n ≥ 3k + 13. If
. However, the proof given there seems to contain some gaps (for example, see [1, p.1203,(6.9) etc.]).
Some Lemmas
For the proof of our results, we need the following lemmas. Lemma 1.( see [7] ) Let f be a nonconstant meromorphic function, and a 0 , a 1 , · · · , a n be finite complex numbers such that a n = 0. Then
The next lemma is due to Milloux( see [3, 6, 9] ).
Lemma 2. Let f be a nonconstant meromorphic function, k be a positive integer. Then
where N 0 (r, 1/f (k+1) ) is the counting function which only counts those points such that
The following lemma is the second fundamental theorem for small functions, which is due to Yamanoi [8] Lemma 3 Let f (z) be a non-constant meromorphic function on C, and let a 1 (z),
Lemma 4( see [3, 6, 9] ). Let f (z) be a nonconstant meromorphic function, and let k be a positive integer, Suppose that
Lemma 5. Let f (z) be a nonconstant meromorphic function, and let k be a positive integer. Suppose that f
Proof. This can be found in [5] . For details, see the inequality (12) in the proof of Theorem 2 [5, p.1296]( cf. [4] ). Here we omit the details.
Lemma 6. Let f (z) and g(z) be two nonconstant meromorphic functions, and n, m, k be three positive integers with n > k + 2, and let
Proof. Since F and G share 1 CM, by a local expansions, we see from (1) that H(z 0 ) = 0 if z 0 is a simple zero of both F − 1 and G − 1. It follows that
Noting that F and G share 1 CM, we deduce from (1) that
where N 0 (r,
by the second fundamental theorem , we obtain from (4) and (5) that
The above inequality and Lemma 4 givē
Substituting (7) in (6), we get
G ) + S(r, f ) + S(r, g). (8)
It is not difficult to see that
Next we give the estimate of N (3 (r,
It follows from (9) that
Similarly, we havē
Substituting (10) and (11) in (8), we obtain , noting thatN (r, F ) =N (r, f ) andN (r, G) =N (r, g) , and using the first fundamental theorem, we obtain (2). Similarly, we can prove (3). Lemma 6 is proved.
Proof of Theorems
Proof of Theorem 1. Let
and
Then F and G share 1 CM, F
By Lemma 1, we have
We first prove that H ≡ 0, where H is defined as (1) . Suppose that H ≡ 0, by Lemma 6, we have
Combining (15), (16) and (18), we get
It follows from Lemma 4 that
Substituting (20) we have
Similarly, we have
Combining (21) and (22), we obtain
which is impossible since n > 3k + m + 8. Therefore, H ≡ 0, and we deduce from (1) that
where a, b, c and d are finite complex numbers satisfying ad − bc = 0. Next we prove that either
Without loss of generality, we may suppose that there exists a set I with infinite linear measure such that T (r, g) ≤ T (r, f ) for r ∈ I. We consider three cases. Case 1. ac = 0. From (24), we see that
Using Lemma 2 for F 1 , we have
which is impossible since n > 3k + m + 8. 
where
Clearly, p(z) is a small function of f . Then by Lemma 3, we have
Then p(z) ≡ 0, and thus
¿From (26), we have
If a/d = 1, then F = 1 since F and G share 1 CM. By Lemma 2, we have We thus proved that either
Let z 0 be a zero of f of order p, we see from (27) that z 0 must be a pole of g. Suppose that z 0 is a pole of g of order q. Again by (27), we obtain
which implies that p ≥ q + 1 and mq + 2k ≥ n. Then
Let z 1 be a zero of f − 1 of order
, we see that z 1 must be a pole of g of order, say q 1 . Again by (27), we have mp 1 − k = nq 1 + mq 1 + k. This gives
From (28) and (29), by the second fundamental theorem, we obtain
But these contradicts the assumption
Using the argument as in [10, p .950], we can obtain the conclusion of Theorem 1. This finally completes the proof of Theorem 1.
Proof of Theorem 2. Theorem 2 can be proved by using almost the same argument as in Theorem 1. The only one difference is in the proof of F G ≡ 1. Suppose that F G ≡ 1. Then we have (27). Similarly, we have (28).
Let z 1 be a zero of f − 1 of order p 1 with
From (27), we conclude that z 1 is a pole of g of order, say q 1 (≥ 1). Similarly as in the proof of Theorem 1, we obtain p 1 ≥ (n + 2k)/m + 1. Thus N (r, Proof of Theorem 3. The proof is also almost the same argument as the proof of Theorem 1. The only one difference is also in the proof of F G ≡ 1. Suppose that F G ≡ 1. Then we have (27). Since f and g have same poles ( not necessary with the same multiplicity), we conclude from (27) that f and g have not poles, and then they are entire functions. Next we can use the same argument as in [10, p.948 ] to arrive at a contradiction. Here we omit the details. Theorem 3 is proved.
